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The effect of re la t ively low-velocity (1-3 m/sec)  impact on a thin disk of imcompress ib le  
viscoplast ic  mater ia l  placed in the gap between parallel  rough surfaces  is considered.  The 
state of s t ress  of the inter layer  is assumed nearly hydrostat ic  during impact, the duration of 
which is l imited by the elastic deformation of the elements of the s t r iker  system. The math-  
ematical  problem of determining the distributions of s t r e s ses ,  velocit ies,  and tempera tures  
for the ax isymmetr ic  deformation of a disk is reduced to the integration of an ordinary sec-  
ond-order  differential equation. Numerica l  calculations for cer ta in  cases  of impact a re  com-  
pared with the resu l t s  of experiments  on lead samples.  Plane s train of an in ter layer  of v is -  
coplastic mater ia l  between r igid plates moving with a constant velocity is discussed in [1]. 
The state of s t r e ss  of the inter layer  for the same conditions of motion of the plates was 
studied in [2] for axial symmetry .  In the present  paper we take account of the impact nature 
of the loading and the elastic compress ion  of the elements of the s t r iker  system,  factors  on 
which the deformation and the p ressu re  developed in the impact depend. 

We consider  the axial Compression of a thin disk of viscoplast ic mater ia l  placed between rough parallel  
plates. The thickness of the disk ~0isvery  much less  than its radius  R. Using the fact that 6/R is small,  
the equations of motion and continuity of the medium in cyl indrical  coordinates simplify to 

O(r 0"erz o r -  o~ du t Or'rrz ' O~ dv . 
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where u and v are  the radial  and axial components of the velocity, respect ively;  g i ( i  = r ,  r  z) and r r z  are  
the components of the s t r e ss  tensor;  and p is the density of the mater ia l .  

We consider  viscoptast ic flow of the inter layer .  Based on the picture of the state of s t ress  found in 
[1] for a plane s train we assume that the tangential s t r e s s  Zrz reaches  the yield point r s  = as /4Y-at  the 
contact surfaces ,  where ffs is the yield s t ress  for uniaxial compress ion,  assuming that the Mises yield 
cr i ter ion is satisfied. We assume that within the inter layer  the tangential s t r e s ses  are  very  much smal ler  
than the normal  s t r e sses .  

We use the fact that 6/R is small and average the equations of motion (1) over z f rom 0 to 6. Since 
Trz = ~ ~'s at z = 0 and z = 6, we obtain 

(2) 
ar 6 ~'~ ~ -  dt 

From now on we omit the bars  over quantities to denote averages.  
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L e t  w = d S / d t  < 0 be  the  r a t e  of a x i a l  d i s p l a c e m e n t  of the  s t r i k e r .  A s s u m i n g  tha t  the c o n t a c t  s u r f a c e s  
r e m a i n  p lane  du r ing  i m p a c t ,  we f ind tha t  the  equa t ion  of con t inu i ty  i s  s a t i s f i e d  for  tbo fo l lowing  v a l u e s  of the  
p a r t i c l e  v e l o c i t i e s  a v e r a g e d  ove r  the  c r o s s  s e c t i o n  of the  l a y e r :  

ZCF llYZ 

u . . . . .  (3) 26' v ~  6 "  

It  is  known [3] tha t  for  a x i s y m m e t r i c  f low of a v i s c o p l a s t i c  body the c o m p o n e n t s  of the  s t r e s s  d e v i a -  
t o r  a r e  r e l a t e d  to the  c o m p o n e n t s  of the  r a t e  of s t r a i n  t e n s o r  by the equa t ion  

--  ----~- D --  w D..  = O; D r : D e ~  2 z 5 ' I = V ~ . ,  
6 

(4) 

w h e r e  ~ i s  the  p l a s t i c  v i s c o s i t y  Of the  m a t e r i a l  which,  a s  i s  the  c a s e  wi th  ~'s, is  g e n e r a l l y  a func t ion  of t e m -  
p e r a t u r e ,  p r e s s u r e ,  and  r a t e  of  s t r a i n  [4]. We find f r o m  (4) 

3~w '(5) 

T a k i n g  accoun t  of  (1), (3), and (5) and  i n t e g r a t i n g  (2) s u b j e c t  to the  cond i t i on  a r (R) = 0, we obta in  

2ts, pu "2 (r z - / 7  ~) [ 3 
% = -8 - l ( r - -  R) + ~ t 2 

T h e  a v e r a g e  p r e s s u r e  o n  t h e  s t r i k e r  d u e  t o  t h e  i n t e r l a y e r  i s  

d In I~' ] ( 6 )  
d In ~} ]" 

R 2r lr 2 i ~ 3pw , p~zI:~z 3" dln!wl'~ 
p = - - ~  ~ r d r = %  'r 35 6 q-'---8~-'>.t 2 7~]~ 1" (7) 

In (6) and  (7) /~ and a s m u s t  be c o n s i d e r e d  a s  the  e f f ec t i ve  v a l u e s  of  the  v i s c o s i t y  and y i e l d  s t r e s s  of  the  
m a t e r i a l  a v e r a g e d  o v e r  t he  r a d i u s  of  the  d i sk .  I f  t h e s e  a v e r a g e s  do not depend  on p r e s s u r e ,  t e m p e r a t u r e ,  
and  r a t e  of  s t r a i n ,  we can  s e t #  = g 0 a n d  ~ =  r ~ A s g - -  0 a n d p - -  0 w e  f ind f r o m  (7) t h e v a l u e  of the  

S" 
a v e r a g e  s t r e s s  for  a r i g i d - p l a s t i c  body  [4]. A s s u m i n g  tha t  the  c o n t r a c t  s u r f a c e s  a r e  s m o o t h  and tha t  the  
s e c o n d  t e r m  in (7) is  a b s e n t ,  we a r r i v e  a t  the  e x p r e s s i o n  ob t a ined  in [2]. 

We c o n s i d e r  i m p a c t  on the  v i s c o p l a s t i c  i n t e r l a y e r  wi th  r e l a t i v e l y  low v e l o c i t i e s  Iw0i. We have  f r o m  
(7) 

�9 2tR 3,ttu- 
P = < ~ +  36 6 (8) 

A s s u m i n g  that  the  d i s p l a c e m e n t  of the  c e n t e r  of  g r a v i t y  of the  s t r i k e r  i s  m a d e  up of the  d e c r e a s e  in 
the  t h i c k n e s s  of the  i n t e r l a y e r  and the  e l a s t i c  c o m p r e s s i o n  of the  s t r i k e r ,  f r o m  N e w t o n ' s  s e c o n d  law we 
f ind  

dt "2 =-- T = --:TU' S = a R  2. (9) 

H e r e  k is  the  u l t i m a t e  r i g i d i t y  of the  e l e m e n t s  of  the  s t r i k e r  s y s t e m  and  de pe nds  s o m e w h a t  on the  e n e r g y  
of  the i m p a c t ,  and  M is  the  m a s s  of the  s t r i k e r .  In w r i t i n g  (9) we a s s u m e  tha t  a t  t = 0 the  c o m p r e s s i o n  of  
the  s t r i k e r  i s  n e g l i g i b l e  in c o m p a r i s o n  with the  t h i c k n e s s  of the  d i sk ,  i . e . ,  

cr ~ _.~ r: 

= ~67, (~ - -  - - -  
3 

3 ~ 56o 
:M~., ') (< I. 
~ o  i' 
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We introduce the dimensionless var iables  z=--w0l. ~,: x=60/6, g = w / w o ,  P=p , '~  and the quantities a=g~S/kS~,  

- %3Oo/Mw~, ~, = 2R/3]r360, e = - -  3p'co/,~5 o. Then the  flow pa ramete r s  in the impact of the in ter layer  
can be found by solving the sys tem 

d 2  - - i  
d-Tr (x - 1 - -  c~P) = [~P, 

dx 
,~V=x~'g,  x(O) 1, g ( 0 ) = l ,  

P = I ~- ?x ~.- ~ xy,  

U(o) = - f i ( ,  + v + s). 

(Io) 

System (10) leads to the second-order  differential equation 

d [ 5 dy"~ : "[(~"t~2:--T"~; ' l ) '~xd!!  , 9 8 3 . 3 _ 9  , , 3  o ~ ~ ~ _ _  

y0) =t ,  ,' ( i )=-p(1  + ~- -  ~). 

(11) 

For e = 0 we find f rom (11) the law of solving down of the s t r iker  by the layer  of r ig id-plas t ic  mate-  
r ia l  [5]: 

y = [(t.. 7- aT)"- -- a[~/2 (x2 -- 1) -- 2~y In x--2a~y (x--i) -- 2[~ (l -- x--i)] t/2 
t + ~,~x ~ (12) 

For  an absolutely r igid s t r iker  (~ = 0) f rom (12) we obtain 

y=[l--2~lnx--2~(i--x-I)p/% 

We turn to a discussion of the heating of the spreading layer.  For  ax isymmetr ic  motion of a viscoplastic 
medium the heat flux equation for small  6/R has the form 

O(_~._t u OT OT ) c3~T 
P% + --STr + v - ~ -  = )~-STz~ .-~ ~tI~ + %I,  (13) 

where X and Cp a re  the thermal  conductivity and specific heat of the mater ia l .  If pcptwI6/2x >>1, the f i rs t  
t e rm on the r ight-hand side of (13) can be neglected pract ical ly  up to the instant th.e s t r iker  comes to res t .  
We pose the problem of calculating the maximum tempera ture  averaged over the radius and thickness of 
the inter layer .  Integrat ing (13) under the condition T (6o) = 0 and using (4), we obtain 

T = TI -~ T., = . % l n x - - ~  
pcp 

~c 

3pwo S P%6o Y (~)d~" 
1 

(14) 

Here the f i rs t  t e rm T 1 charac te r izes  the plastic heating of the medium and the second T2, the contribution 
of viscous heating. 

Equations (10) and (14) were solved numerical ly  by computer  using the standard four th-order  Runge-  
Kutta program:  The accuracy  of the calculation was 0.5-1%. 

We turn to an analysis  of the data on impact experiments  with thin disks (60 = 1 mm, R = 5 ram) of 
technical lead. The experimental  procedure is s imilar  to that described ear l ie r  [6] in connection with in- 
vestigations of the laws of the impact f racture  of thin samples  of bri t t le  low-strength mater ia l s .  The 

kbar 

i Imsec { ~ Imsec I 

Fig. 1 
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TABLE 1 

Iwd. m/sec a 
~, kbar. cm t~o 

px, kbar 
tx, msec 
P,n, kbar 
tin, msec 
In :% 

i 1.3 i 2 
130 15i I t50 

4.7 7.5 [ !0.t 
0,90 0.83 I 0:83 ti6 2.s ] a,3 
0,96 1107 0,94 
0.71 '1,45 2,29 

15.5 
0,80 

i2,3 
0,75 
2,79 

T A B L E  2 

i 1,5 2 3 
m/sec 

P r o ,  kbar 
t m ,  msec 
In x~ 

2.05 
0,723 
0,478 

3,29 
0.82! 
i:o65 

5,67 
0,785 
1,68t 

ii,93 
0,662 
2,475 

n e c e s s a r y  i n f o r m a t i o n  on the c h a r a c t e r  of the  l o a d i n g  of the  l e a d  d i s k s  w a s  d e r i v e d  f r o m  an a n a l y s i s  of 
p r e s s u r e - t i m e  o s c i l ! o g r a m s  ob ta ined  by  u s i n g  a w i r e  s t r a i n  gauge  and by  m e a s u r i n g  the m a x i m u m  c o m -  
p r e s s i o n  of the  i n t e r l a y e r  x k a f t e r  the  i m p a c t .  The  s a m p l e s  u n d e r  s tudy w e r e  p l a c e d  be tween  the f l a t  ends  
of 1 0 - r a m - d i a m e t e r  r o l l e r  b e a r i n g s .  The  e x p e r i m e n t s  w e r e  p e r f o r m e d  on a v e r t i c a l  d rop  h a m m e r  with  a 
f r e e l y  f a l l i ng  10-kg  load  mov ing  with a v e l o c i t y  lWol = 1-3 m / s e c  which  a p p l i e d  an a x i a l  b low th rough  the  
r o l l e r s .  

F i g u r e  l a  and  b shows  o s c i l l o g r a m s  of  the  p r e s s u r e  d u r i n g  i m p a c t  wi th  no m a t e r i a l  be tw e e n  the  r o l -  
l e r s  ( " e m p t y  c o l l i s i o n " )  and  in an  e x p e r i m e n t  wi th  a l e a d  d i sk  (lw0I = 2 m / s e c ;  the t i m e  m a r k s  a r e  200 # s e c  
a p a r t ) .  The  p r e s e n c e  of  the p l a s t i c  i n t e r l a y e r  i n c r e a s e s  the  t i m e  of i m p a c t  by m o r e  than 5070 and n e a r l y  
h a l v e s  the  m a x i m u m  p r e s s u r e .  T h r e e  c h a r a c t e r i s t i c  p a r t s  can  be d i s t i n g u i s h e d  on the  p r e s s u r e - t i m e  c u r v e  
shown in F i g .  l b .  D u r i n g  a s h o r t  i n i t i a l  p e r i o d  t 1 " 100 /~sec the  p r e s s u r e  r i s e s  r a p i d l y  to ~ 1 k b a r .  The  
r a t e  of i n c r e a s e  of  p r e s s u r e  then d e c r e a s e s  s o m e w h a t  and  f r o m  the  t i m e  t 2 ~ 600 p s e c  i t  a g a i n  r e a c h e s  a p -  
p r o x i m a t e l y  i t s  i n i t i a l  va lue .  T h i s  b e h a v i o r  of the c u r v e  can  be r e l a t e d  to the  fac t  t ha t  a t  the  s t a r t  of  the  
i m p a c t  the  d e f o r m a t i o n  of the  s a m p l e  i s  n e a r l y  e l a s t i c .  When the  l e ad  in an i n n e r  a n n u l a r  zone r e a c h e s  the  
y i e l d  po in t  the  s a m p l e  i s  t r a n s f o r m e d  to the  p l a s t i c  s t a t e  [4]. With  a f u r t h e r  i n c r e a s e  in p r e s s u r e  the  p l a s -  
t i c  zone e x p a n d s ,  and  f r o m  t i m e  t I d e v e l o p e d  p l a s t i c  ( v i s c o p l a s t i c )  f low b e g i n s  in p r a c t i c a l l y  the  whole  in-  
t e r l a y e r .  The  a v e r a g e  p r e s s u r e  c o r r e s p o n d i n g  to t h i s  i n s t a n t  is  g iven  by Eq.  (8). As  the  t h i c k n e s s  of the  
d i s k  is  d e c r e a s e d  the  r e s i s t a n c e  to the  mo t ion  of the  s t r i k e r  i n c r e a s e s  r a p i d l y  and  f r o m  t i m e  t 2 the  e n e r g y  
of the  we igh t  i s  p r e d o m i n a n t l y  e x p e n d e d  in the  c o m p r e s s i o n  Of the  s t r i k e r  s y s t e m .  The  f u r t h e r  b e h a v i o r  of  
the  c u r v e  in F ig .  l b  is  v e r y  s i m i l a r  to the " e m p t y  c o l l i s i o n "  o s c i l l o g r a m  (Fig .  l a )  wi th  the  t i m e  of  fa l l  off 
of  the  p r e s s u r e  f r o m  the m a x i m u m  Pm a p p r o x i m a t e l y  the  s a m e  in the  two c a s e s .  

T a b l e  1 p r e s e n t s  the  r e s u l t s  of  m e a s u r e m e n t s  of c e r t a i n  c o l l i s i o n  p a r a m e t e r s  in e x p e r i m e n t s  wi th  
l e ad  s a m p l e s .  H e r e  Px and  t x a r e  the  m a x i m u m  p r e s s u r e  and  the  t i m e  of an  e m p t y  c o l l i s i o n ,  and  t m ' i s  the  
t i m e  to r e a c h  the  m a x i m u m  p r e s s u r e  Pm in the  e x p e r i m e n t s  wi th  l ead .  C a l c u l a t i o n s  p e r f o r m e d  with  Eq.  
(10) for  e = 0 (mode l  of a r i g i d - p l a s t i c  body) show (Tab le  2) tha t  the  m e a s u r e d  v a l u e s  of Pm a g r e e  s a t i s -  
f a c t o r i l y  wi th  the  t h e o r e t i c a l  if  we se t  a s = 0.5 k b a r .  H o w e v e r ,  the  c a l c u l a t e d  v a l u e s  of x k d i f f e r  a p p r e c i -  
a b l y  f r o m  the e x p e r i m e n t a l .  

T A B L E  3 

l.U.+ot m/sec i 
kbar 02 Os:~, Ii 0.7-10 ~ 

Pro, kbar 
t m , ITlSeC 

In .% 

TI, H 

T~,H 

t.5 9 

o,O,.% 

1,51 2,90 5,26 

0,867 0.917 0,83G 

0,70f 1,487[ 2,2~0 

15,0 31.5 ~2.7 

[23,8 ~8,6 1178 

3 

12,20 

0. 683 

2,738 

77,0 

t:J5 

T h e r e  i s  good a g r e e m e n t  be tween  m e a s u r e d  c o l l i s i o n  p a r a m e t e r s  
and  t h o s e  c a l c u l a t e d  with the  m o d e l  of  a v i s c o p l a s t i c  m e d i u m  (Tab le  3) 
if  d i f f e r e n t  u s and  p a r e  u s e d  for  d i f f e r e n t  v a l u e s  of ]w0], k e e p i n g  t h e m  
wi th in  r e a s o n a b l e  l i m i t s  c l o s e  to the  e x p e r i m e n t a l  v a l u e s  [2, 7]. 

F i g u r e  2 shows  c u r v e s  c a l c u l a t e d  f r o m  (10) and (14) fo r  p (1), x (2), 
and  y (3) a s  func t ions  of r for  ]w0[ = 2 m / s e c  (ol = 0.0131, t3 = 0.0491, 
T = 1.9245, g = 2.4, so  t ha t  d = 0.0697). The  c u r v e  for  p ( r )  c l o s e l y  c o -  
i n c i d e s  wi th  the  e x p e r i m e n t a l  (open) c u r v e  i f  for  the  t i m e  of the  i n i t i a l  
s t a g e  of t h e  i m p a c t ,  which i s  not t a k e n  into a c c o u n t  in the  t h e o r y ,  i s  a s -  
s u m e d  r 1 = 0.2 o r  t I = 0.1 m s e c .  The  d a s h e d - d o t  p a r t  of c u r v e  1 i s  
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TADLE 4 

kbar,cm 15oo i5"oo [ 16oo 

Pm, kbar 
tm, msec 
In x k 

3,06 
0,805 
t,535 

7,02 I 30,96 
0,696 I 0,474 
2,5i81 3,682 

Y.F '. 

,.,,, 
X1 

0 2 z- 

Fig. 2 

!X 

5 

plotted f rom exper imen ta l  data under the assumpt ion  of e las t ic  r e l i e f  of the e lements  of the s t r i ke r  sys tem.  

A ce r t a in  r egu la r i ty  is observed  in the sequence of values  of a s and ~ used in the calculat ions.  These  
a r e  the values  of the yie ld  point and the v i scos i ty  of the m a t e r i a l  of the in t e r l aye r  ave r aged  over  the t ime  
of the impact .  For  smal l  impact  veloci t ies  of 1-2 m / s e e  a s and ~ a re  approx ima te ly  constant  and va ry  on- 
ly for lw0I = 3 m / s e c  when the range  of p r e s s u r e s  and the ro le  of d iss ipat ive  effects  a re  not iceably in- 
c r ea sed .  Thus,  if # = 10 ~ p is used to calcula te  T for the l as t  case  in Table  3 we obtain a t e m p e r a t u r e  of 
329~ which is  the mel t ing  point of lead under normal  p r e s s u r e ,  instead of 105"C. The re fo re ,  the inc rease  
of a s with inc reas ing  lw01 can be r e l a t ed  mainly  to the s t rengthening of lead, and the dec r ea se  in # to the 
heating of the in te r layer .  Table  4 shows how impor tant  it is to take account  of the deformat ion  of the e le-  
ments  of the s t r i ke r  sys tem.  The table  gives the col l is ion p a r a m e t e r s  calcula ted with the values  of a s and 

given in Table  3, but with the r igidi ty  k of the s t r i ke r  equal to 10 k b a r .  cm. 
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